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In  this  paper,  a nonovershooting  tracking  controller  is proposed  for the  continuous  infusion  of  multi-
ple  drugs  that have  interactive  effects.  The  proposed  controller  design  method  exploits  the  freedom  of
eigenstructure  assignment  pertinent  to the  design  of  feedback  controllers  for multi-input,  multi-output
(MIMO)  systems.  For  drug  dosing,  a nonovershooting  tracking  controller  restricts  the  undesirable  side
effects  of  drug  overdosing.  The  proposed  tracking  controller  is  based  on  an  estimate  of  the  full  state  using
a hybrid  extended  Kalman  filter (EKF)  that is used  to reconstruct  the  system  states  from  the  measurable
ctive drug dosing
iomedical control

system  outputs.  To  illustrate  the proposed  method,  we  use  one  of  the  common  anesthetic  and  analgesic
drug  combinations  (i.e.,  propofol  and  remifentanil)  which  exhibit  nonlinear  and  synergistic  drug  inter-
action.  An  integral  control  action  is included  in the  controller  design  to  achieve robust  tracking  in the
presence  of  patient  parameter  uncertainty.  Simulation  results  and  performance  analysis  of the  proposed
control  strategy  are  also  presented  using  20 simulated  patients.
. Introduction

Critically ill patients in the intensive care units (ICUs) often
equire fine tuned and long term infusion of anesthetics and
nalgesics [1]. The term analgesia denotes blunting of pain by med-
cation. In ICUs, sedative and analgesic drugs are used to reduce
nxiety, delirium, decrease pain during intubation and extubation,
ncrease patient tolerance after endotracheal tube insertion, and
o reduce patient ventilator dysynchrony. Even though the critical
ask of anesthesia administration has been widely discussed in the
iterature and studied using clinical trials over the last few decades,
everal recent reviews on the existing methods highlight various
spects of the problem that needs further research attention [2,3].

uch attempts can help transform the research knowledge in this
rea into clinically and educationally applicable (bedside) tools [2].
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rom the Qatar National Research Fund (a member of Qatar Foundation). The findings
chieved herein are solely the responsibility of the authors.
∗ Corresponding author.

E-mail addresses: regina.ajith@qu.edu.qa (R. Padmanabhan),
ader.meskin@qu.edu.qa (N. Meskin), ClaraMihaela.Ionescu@UGent.be
C.M. Ionescu), wm.haddad@aerospace.gatech.edu (W.M. Haddad).

ttps://doi.org/10.1016/j.bspc.2018.09.015
746-8094/© 2018 Elsevier Ltd. All rights reserved.
©  2018  Elsevier  Ltd. All  rights  reserved.

In the case of combined administration of anesthetic and anal-
gesic drugs, the mechanism of action is complex, interlaced, and not
yet completely understood making the problem more challenging.
There are several factors that influence the pharmacokinetics and
pharmacodynamics of a drug in the human body. Patient param-
eters such as the height, weight, gender, age of the patient, and
illnesses associated with the circulation system, renal system, or
respiratory system influence the pharmacokinetics and pharma-
codynamics of a drug in the patient’s body [4–6]. For continuous
infusion of anesthetic and analgesic drugs over long periods, it is
apparent that an appropriate closed-loop control strategy can be
used to enhance patient safety [1,3,5].

Two  basic factors to consider while designing a closed-loop
controller for anesthesia administration are choosing appropriate
parameters for feedback and deciding on a viable control strategy
to implement. We  use a common sedation assessment measure
such as the bispectral index (BIS) to quantify the sedation level
of the patient [7,8]. However, when it comes to the assessment of
pain levels, a relatively smaller number of measurable variables are
identified to quantify the pain levels and thus, facilitate closed-loop
control [1,3].
In ICUs, several analgesic drugs are used to suppress the pain
sensation and thereby reduce stress. The most reliable and valid
indicator of pain is the patient’s self-report [1]. However, critically
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ll patients are often unable to verbally communicate their level
f pain. Other common pain related behaviors and physiological

ndicators are facial expressions, body movements, lacrimation,
weating, variation in heart rate, mean arterial pressure, and
espiratory rate [1,9,10]. The primary hurdle in the design of a
losed-loop controller for analgesic administration is the lack of

 reliable pain assessment model. In an attempt to identify novel
nd reliable tools to assess pain, several indices using the electroen-
ephalogram (EEG), electromyogram (EMG), heart rate, respiratory
ate, skin conductivity, and facial expression have been proposed
1,11–14].

Closed-loop control of analgesic drugs is addressed in [15] using
 fuzzy rule based approach, which makes control decisions based
n heart rate variability of the patient to facilitate infusion of
he analgesic agent remifentanil. A semi-adaptive controller which
elies on the remifentanil induced respiratory depression of the
atient for the closed-loop drug titration is proposed in [11]. A
odel reference adaptive controller and a composite adaptive con-

roller is proposed based on a lower-order model. However, as
ointed out in [3], in the case of ICU patients who  are supported
y mechanical ventilators, respiratory depression may  not be a
eliable measure to assess analgesic concentration. Furthermore,
t is risky to use heart rate and mean arterial pressure as feed-
ack parameters for analgesic titration; this is primarily due to the
ariation caused by the concomitant infusion of cardiac depressive
edatives or the underlying illness of the patient.

Moreover, in the case of the combined administration of seda-
ives and analgesics, the controller should take advantage of the
ynergistic interaction between the drugs to minimize drug dosage
2,16–20]. Several studies point out the association of remifentanil
oncentration in the blood with muscle activity of a patient [21–25].
n [3], the authors propose a novel electromyogram (EMG)-based
urrogate variable to quantify the analgesic level and an extended
odel predictive control based approach is used to simultane-

usly derive optimal drug dosing of propofol and remifentanil.
he EMG-based analgesic index proposed in [3] relates analgesic
oncentration to EMG. Given that this variable is suitable for con-
ucting in silico trials and is also measurable, in this paper we
se the EMG-based analgesic index to regulate the analgesic drug

nfusion rate.
Overdosing of anesthetic and analgesic drugs have several

ide effects such as nausea, hypotension, delayed weaning from
echanical ventilation, immunosuppression, and in certain cases

s even fatal for patients [1,2,9]. Moreover, overdosing of anesthetic
nd analgesic drugs prolongs recovery time, patient stay in hospi-
al, and thus increases treatment costs. In the case of patients in
CUs, anesthetic and analgesic drugs are often required for several
ours or days to facilitate cooperative treatment, and it is impera-
ive to avoid drug overdosing. A reliable controller that can be used
or anesthesia administration for ICU patients should also be robust
n the presence of patient variability [2].

In [26], the authors conduct a benchmark study for the control of
ard-disk drive servo systems using the nonovershooting tracking
ontroller that was proposed in [27] and its performance is com-
ared against a wide range of other linear and nonlinear techniques

rom the literature including proportional-integral-derivative (PID)
ontrol, composite nonlinear feedback (CNF) control, and robust
nd perfect tracking (RPT) control. The controller design method
roposed in [27] is also successfully used to implement a nonover-
hooting tracking controller for a LEGOR

®
robot [28]. Motivated

y the fact that the nonovershooting controller-based method dis-
ussed in [27] showed improved performance in terms of faster

ettling times and less overshoot in benchmark studies, we inves-
igate the applicability of the method to drug dosing control.

As pointed out in [2], in case of continuous infusion of intra-
enous drugs, tools to continuously measure or accurately predict
cessing and Control 49 (2019) 375–387

the plasma concentrations in an individual are not currently
available. Hence, in the proposed method, a closed-loop con-
trol architecture is developed that relies on measurable outputs
such as bispectral index and electromyogram. Moreover, we have
added an integrator block in the closed-loop system to address
biological patient variability, which can lead to significant differ-
ences in patient pharmacokinetics and pharmacodynamics. Control
methodologies that regulate drug titration so as to suppress the
error between the measured output and the desired output can
account for patient variability and address disturbances to a certain
extent.

In this paper, we develop a nonovershooting tracking controller
for the combined administration of multiple drugs with interactive
effects. The proposed controller can track desired outputs such as
BIS levels and pain levels without incurring an overshoot in the
system response by accounting for the additive, synergistic, and
antagonistic drug interaction, and hence, avoiding drug overdos-
ing. Compared to the design strategies proposed for the combined
administration of propofol and remifentanil in [3,18,19,29,30], the
advantage of the proposed method is its nonovershooting and
achieved robustness properties.

The paper is organized as follows. Section 2 presents an
introduction to the drug kinetics and dynamics for the disposi-
tion of propofol and remifentanil followed by the design of the
nonovershooting controller for the simultaneous infusion of these
interactive drugs. Simulation results and statistical analysis using
the proposed controller for 20 simulated patients are given in Sec-
tion 3. Limitations of the proposed work and a scope for future
research are discussed in Section 4. Conclusions are presented in
Section 5.

2. Methods

In this section, we  first introduce the mathematical formulation
of the pharmacokinetics and pharmacodynamics of the drugs con-
sidered and then present the nonovershooting tracking controller
design in conjunction with a hybrid extended Kalman filter used to
reconstruct an estimate of the system states for feedback.

2.1. Drug disposition model

We  use a three-compartment model to represent the drug dis-
position in the human body, where Compartment 1 models the
intravascular blood, Compartment 2 models muscle tissue, and
Compartment 3 models fat. An effect-site compartment is also used
to account for the drug dynamics at the locus of the drug effect [31].
When infusing several drugs simultaneously, the mass distribution
of each drug in the three compartments and the effect-site com-
partment can be represented using the system states for each drug
[32]. We  use the superscripts S and A to denote that a given param-
eter is associated with a sedative or an analgesic drug, respectively.

Since the drug dynamics of a patient varies according to the
physiology of the patient, here we use Schnider’s drug disposition
model that is dependent on patient parameters such as age, weight,
etc., as given in [4,29,30,33]. Among the available mathematical
models that depict the drug disposition in human body, Schnider’s
model is one of the key recommended models [32]; this model
is currently used clinically to facilitate target controlled infusions
[4,34]. The mass balance equations used to model the drug transfer
between the various compartments are given by ([30])

S S
ẋ1(t) = −(kS
10 + kS

12 + kS
13)x1(t) + kS

21

v2

vS
1

x2(t) + kS
31

v3

vS
1

x3(t) + uS(t),

x1(0) = x10, t ≥ 0,
(1)
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Table  1
Patient model parameters and equations for the sedative drug propofol and analgesic drug remifentanil [3,30].

Parameter Sedative Analgesic Unit

v1 4.27 5.1 − 0.0201(age − 40) + 0.072(lbm − 55) l
v2 18.9 − 0.391(age − 53) 9.82 − 0.0811(age − 40) + 0.108(lbm − 55) l
v3 2.38 5.42 l
C1 1.89 + 0.0456(weight − 77) − 0.681(lbm − 59) + 0.0264(height − 177) 2.6 − 0.0162(age − 40) + 0.0191(lbm − 55) l min−1

C2 1.29 − 0.024(age − 53) 2.05 − 0.0301(age − 40) l min−1

C3 0.836 0.076 − 0.00113(age − 40) l min−1

ke0 0.456 0.595 − 0.007(age − 40) min−1

k10 C1/v1 C1/v1 min−1

k12 C2/v1 C2/v1 min−1

−1
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k13 C3/v1

k21 C2/v2

k31 C3/v3

ẋ2(t) = kS
12

vS
1

vS
2

x1(t) − kS
21x2(t), x2(0) = x20, (2)

ẋ3(t) = kS
13

vS
1

vS
3

x1(t) − kS
31x3(t), x3(0) = x30, (3)

ċS
eff(t) = kS

e0x1(t) − kS
e0c

S
eff(t), cS

eff(0) = cS
eff0, (4)

nd

ẋ4(t) = −(kA
10 + kA

12 + kA
13)x4(t) + kA

21

vA
2

vA
1

x5(t) + kA
31

vA
3

vA
1

x6(t) + uA(t),

x4(0) = x40, t ≥ 0,
(5

˙ 5(t) = kA
12

vA
1

vA
2

x4(t) − kA
21x5(t), x5(0) = x50, (6)

˙ 6(t) = kA
13

vA
1

vA
3

x4(t) − kA
31x6(t), x6(0) = x60, (7)

ċA
eff(t) = kA

e0x4(t) − kA
e0c

A
eff(t), cA

eff(0) = cA
eff0, (8)

here xi(t), t ≥ 0, i = 1, 2, and 3, correspond to the masses of
he sedative drug and xi(t), t ≥ 0, i = 4, 5, and 6, correspond to
he masses of the analgesic drug in the first, second, and third
ompartment, respectively, cS

eff(t), t ≥ 0, and cA
eff(t), t ≥ 0, denote

he effect-site concentrations of the sedative and analgesic drug,
espectively, kS

ji
and kA

ji
, i /= j, denote the rate of mass trans-

er between the jth and ith compartments, vS
i

and vA
i

, i = 1, 2,
nd 3, are the volume of three compartments, and uS(t), t ≥ 0,
nd uA(t), t ≥ 0, are the infusion rates of the sedative and anal-
esic drug, respectively. Thus, the state vector is given by x(t) =
x1(t), x2(t), x3(t), cS

eff(t), x4(t), x5(t), x6(t), cA
eff(t)]

T
. The

alues of kS
ji

and kA
ji

, i, j = 1, 2, and 3, in the pharmacokinetic model
iven by (1)–(8) depend on the patient features such as age, weight,
eight, and gender, and are given in Table 1.

In Table 1, lbm = 1.07weight − 148(weight2/height2), where lbm is
he lean body mass of the patient, ke0 is the effect-site elimination
ate constant, C1 is the rate at which the drug is cleared from the
ody by the elimination process, and C2 and C3 are the rates of drug
learances between the central compartment and Compartments

 and 3, respectively. When two drugs with synergistic interactive

ffects are administrated simultaneously, the effect of each drug
aries according to the ratio of the two drugs and their normalized
rug concentration. The measured value of the BIS index, denoted
s BIS, ranges from 0 to 100, where BIS = 0 and BIS = 100 indicate an
C3/v1 min
C2/v2 min−1

C3/v3 min−1

isoelectric EEG signal and an EEG signal of a fully conscious patient,
respectively.

The net sedative effect of an anesthetic drug when administrated
along with an analgesic drug having a synergistic interactive effect
is given by ([16])

BIS(t) = BIS0

⎛
⎜⎝1 −

(
US(t)+UA(t)
U50(�(t))

)�(�(t))

1 +
(
US(t)+UA(t)
U50(�(t))

)�(�(t))

⎞
⎟⎠ , (9)

where �(t) � US(t)
US(t)+UA(t)

, �(�(t)), t ≥ 0, is the steepness of the

concentration-response relation at ratio �(t), and U50(�(t)) is the
number of units associated with 50% of maximum effect at ratio
�(t) [16]. Furthermore, US(t), t ≥ 0, and UA(t), t ≥ 0, are the normal-
ized drug concentrations of the sedative and analgesic drugs and

are given by US(t) = cS
eff

(t)

CS
50

and UA(t) = cA
eff

(t)

CA
50

, where CS
50 and CA

50 are

the drug concentrations of the sedative and analgesic that cause
50% drug effects, respectively. The BIS value corresponding to fully
conscious patient is denoted by BIS0.

Remifentanil causes pain reduction as well as muscle relax-
ation [1–3]. Thus, the percentage of muscle relaxation indicates
the amount of remifentanil in the blood. We use the EMG  index
proposed in [3], which relates the effect-site remifentanil con-
centration to electromyographic measurements. The relationship
between the EMG  index and remifentanil concentration is given by
([3])

EMG(t) = 100 × cA
eff(t)

3.4 × cA
eff(t) + 0.0063

. (10)

The value of the EMG(t), t ≥ 0, indicates the percentage of muscle
relaxation and varies from 0% to 100%, and hence, (1)–(10) can be
written as

ẋ(t) = Ax(t) + Bu(t), x(0) = x0, t ≥ 0, (11)

y(t) = h(x(t)), (12)

where A ∈ R
8×8 is a compartmental matrix [31], B ∈ R

8×2 is
an input matrix, x(t) ∈ R

8, t ≥ 0, is the state vector, u(t) =
[uS(t), uA(t)]

T
is the control input, and y(t) = [BIS(t), EMG(t)]T is the

system measurement. Here, the initial values of the states x0 is zero
since the masses of the anesthetic and analgesic drugs in all the

compartments are zero prior to anesthetic administration.

As shown in the next section, in order to design a nonovershoot-
ing controller a linear approximation of the measurements (9) and
(10) is required. Using a linear regression model in the region of
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he required maintenance value for BIS(t), t ≥ 0, and EMG(t), t ≥ 0,
9) and (10) can be represented as ([3,21,29,35])

y1(t)

y2(t)

]
=
[
m1 m2

0 m3

]  [
cS

eff(t)

cA
eff(t)

]
+
[
c1

c2

]
. (13)

he parameter values mi, i = 1, 2, and 3, and the constants ci,
 = 1 and 2, in (13) can be determined by multiple linear regres-
ion using a least-squares method on randomly selected patient
ata relating the patient’s pharmacokinetic and pharmacodynamic
arameters and measured responses [3,29]. Consequently, the lin-
arized patient dynamical model can be written as

˙ (t) = Ax(t) + Bu(t), x(0) = x0, t ≥ 0, (14)

(t) = Cx(t) + d, (15)

here C =
[

0 0 0 m1 0 0 0 m2
0 0 0 0 0 0 0 m3

]
and d = [c1, c2]T.

.2. Nonovershooting controller design to achieve target drug
ffects

In this subsection, we develop a nonovershooting controller
esign for the control of anesthesia and analgesia. The aim is to
esign a tracking controller in which the patient responses BIS(t),

 ≥ 0, and EMG(t), t ≥ 0, asymptotically approach the desired target
alues BIStarget and EMGtarget without any overshoot. The key idea
ehind the nonovershooting controller design is to obtain a state
eedback gain that achieves a specific closed-loop eigenstructure
uch that the selected modes of the closed-loop system appear in
ach component of the output [36]. In the case of MIMO  systems,
everal choices of state feedback gain matrices lead to the same set
f closed-loop eigenvalues but with a different set of eigenvectors
37]. The idea is to exploit this flexibility in a useful way.

Specifically, the closed-loop eigenvectors are selected to achieve
 monotonic or nonovershooting response in each output com-
onent. In particular, the closed-loop eigenstructure is designed
uch that the tracking error for each output is driven by a real-
alued, closed-loop exponential mode, and hence, each output is
onotonic regardless of the initial condition. In cases where it is

ot possible to restrict the system output to a single mode, the
losed-loop eigenstructure is designed to constrain the number of
losed-loop modes that appear in each output. However, the out-
ut error with multiple modes can remain monotonic for a specific
et of initial conditions only.

Motivated by (14) and (15), the proposed nonovershooting
ontroller design method presented is predicated on the linear
ynamical system

˙ (t) = Ax(t) + Bu(t), x(0) = x0, t ≥ 0, (16)

(t) = Cx(t) + d, (17)

here, for t ≥ 0, x(t) ∈ R
n, u(t) ∈ R

m, and y(t) ∈ R
p.

ssumption 1. The pair (A, B) is controllable and the pair (A, C) is
bservable.

The objective is to design a state feedback controller such that
(t) → yd as t → ∞ without any overshoot in the system output.
n order to achieve robust tracking in the presence of system
arameter uncertainty, an integral control action is included in the

ontroller. We  define the integral of tracking error as

(t) =
∫ t

0

[yd − y(�)]d�, (18)
cessing and Control 49 (2019) 375–387

where yd = [yd1, yd2]T and y(t) = [y1(t), y2(t)]T are the desired
response and the measured response, respectively. Note that ė(t),
t ≥ 0, is given by

ė(t) = yd − y(t), e(0) = 0, t ≥ 0. (19)

Furthermore, note that the augmented system �a given by (16),
(17), and (19) can be written as

ẋa(t) = Aaxa(t) + Bau(t) + Gyd − Hd, xa(0) = xa0, t ≥ 0,

y(t) = Caxa(t) + d,
(20)

where xa(t) = [x(t), e(t)]T ∈ R
n̂, n̂ = n + p,

Aa =
[
A 0

−C 0

]
, Ba =

[
B

0

]
, G =

[
0

I

]
, H =

[
0

I

]
,

Ca = [C, 0p×p]. (21)

The aim here is to design a control input u(t) = Kaxa(t) such
that Aa + BaKa is asymptotically stable and the output y(t), t ≥ 0,
tracks the reference input yd without any overshoot. Since �a is a
MIMO  system, we can associate multiple sets of n̂ eigenvectors for
a given set of n̂ eigenvalues. We use this flexibility in the eigenvec-
tor assignment to achieve the desired nonovershooting property
[36]. Specifically, we  choose eigenvectors such that a specific set of
closed-loop modes appear in the output. Note that for a specific set
of n̂ eigenvalues L  = {�1, . . .,  �n̂} and linearly independent eigen-
vectors V  = {v1, . . .,  vn̂}, the associated feedback gain matrix Ka is
unique.

The number of closed-loop modes that can be annihilated from
the output signal depends upon the number of invariant zeros
of (20) in the open left-half plane (OLHP). For an open-loop sys-

tem with n̂ − lp invariant zeroes in the OLHP, denoted as zi, i =
1, . . ., n̂− lp,  the closed-loop eigenvalues are chosen such that

�i = zi, i = 1, . . ., n̂ − lp [36]. The remaining closed-loop poles �i,

i ∈ {n̂ − lp + 1, . . ., n̂}, can be chosen to be real and asymptotically
stable. Finally, for each i ∈ {1, . . ., n̂}, define the Rosenbrock system
matrix

P�a �

[
Aa − �iI Ba

Ca 0

]
. (22)

Next, let S  = {s1, . . .,  sn̂} ⊂ R
p, where

si =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, i ∈ {1, . . ., n̂− lp},

e1, i ∈ {n̂ − lp + 1, n̂ − lp + 2, . . ., n̂ − lp + l},
...

...

ep, i ∈ {n̂ − l + 1, . . ., n̂},

(23)

and e1, . . .,  ep are basis vectors in R
p. Furthermore, assume that, for

1 ≤ i ≤ n̂,  the matrix equation[
Aa − �iI Ba

Ca 0

]  [
vi

wi

]
=
[

0

si

]
(24)

has a solution characterized by V  = {v1, . . .,  vn̂} ⊂ C
n̂ and W =

{w1, . . .,  wn̂} ⊂ C
p. Now, if the vectors in V  are linearly indepen-

dent, then there exists a unique feedback gain matrix Ka such that,

for all i ∈ {1, . . ., n̂}, ([37])

(Aa + BaKa)vi = �ivi,

Cavi = si.
(25)
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ow, solving (25) for the vectors in S, we obtain V  = {v1, . . .,  vn̂}
nd W = {w1, . . .,  wn̂}, where

vi

wi

]
=

⎧⎪⎨
⎪⎩

N(P�a (�i)), i ∈ {1, . . ., n̂ − lp},

P−1
�a

[
0

si

]
, i ∈ {n̂− lp + 1, . . ., n̂},

(26)

nd N(  · ) denotes the null space. Thus, vectors in V  satisfy si = Cavi
or all i = 1, . . ., n̂.

If the vectors in V  are linearly independent, then applying
oore’s algorithm [37] we obtain Ka as

a = WV−1, (27)

here Aa + BaKa has distinct eigenvalues corresponding to linearly
ndependent eigenvectors given by L  and V, respectively. The solu-
ion vi ⊂ C

n̂ and wi ⊂ C
p is in the null space of P�a for s = �i, i =

, . . ., n̂ − lp. Now, let vk,1, vk,2, . . .,  vk,l and �k,1, �k,2, . . .,  �k,l be the
ectors in V  with their respective eigenvalues associated with the
tandard basis vector ek, k ∈ 1, . . .,  p. Note that the desired closed-
oop eigenvalues are asymptotically stable and distinct, and hence,
an be arranged as �k,1 < �k,2 < · · · < �k,l, k ∈ {1, . . .,  p}.

Since the eigenvalues of the closed-loop system are asymptot-
cally stable, it follows that the tracking error (yd − y(t)) → 0 as

 → ∞.  Next, define

ˆ a � Aa + BaKa, Ĥa � Gyd − Hd, (28)

o that (20) can be rewritten as

˙ a(t) = Âaxa(t) + Ĥa, xa(0) = xa0, t ≥ 0, (29)

(t) = Caxa(t) + d. (30)

ow, the closed-loop system state of (29) is given by

xa(t) = eÂatxa0 +
∫ t

0

eÂa(t−�)Ĥad�

= eÂatxa0 + eÂat

∫ t

0

e−Âa�d�Ĥa

= eÂatxa0 + eÂat Â−1
a Ĥa − Â−1

a Ĥa.

(31)

Note that the state transition matrix can be written as eÂat =
e�tV−1, where � is a diagonal matrix with the eigenvalues �i,

 = 1, . . ., n̂, on the diagonal and V is a matrix composed of the
ssociated eigenvectors. Thus,

a(t) = Ve�tV−1xa0 + Ve�tV−1Â
−1

a Ĥa − Â
−1

a Ĥa. (32)

ow, defining

 ̨ �
[
˛1 . . . ˛n−lp ˛1,1 . . . ˛1,l . . . ˛p,1 . . . ˛p,l

]T

= V−1xa0 (33)

nd
 � V−1Â−1
a Ĥa, (34)

he system output y(t), t ≥ 0, is given by

(t) = Caxa(t) + d =
n̂∑
i=1

Cavi˛ie�it +
n̂∑
i=1

Caviˇie�it −
n̂∑
i=1

Caviˇi + d.

(35)

ince Cavi = si, i = 1, . . ., n̂, (35) gives
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y(t) =
n̂∑

i=n̂−lp+1

e
i−(n̂−lp)

˛ie
�it +

n̂∑
i=n̂−lp+1

e
i−(n̂−lp)

ˇie
�it

−
n̂∑

i=n̂−lp+1

e
i−(n̂−lp)

ˇi + d, (36)

which implies that n̂ − lp terms are annihilated at the system output
y(t), t ≥ 0, and the remaining lp terms are distributed evenly into
the p components of y(t), t ≥ 0, [27]. For the drug dosing model
introduced in the previous subsection, we have n̂ = 10, l = 3, and
p = 2. Moreover, when anesthesia administration begins, the initial
drug concentrations in all the compartments are zero. Hence, for
xa0 = 0,  ̨ = 0, and thus,

y(t) =
n̂∑

i=n̂−3p+1

e
i−(n̂−lp)

ˇie
�it −

n̂∑
i=n̂−3p+1

e
i−(n̂−lp)

ˇi + d. (37)

Now, using Lemma  A.2 of [27], we can identify conditions to check
the monotonicity of (37). Let �1 < �2 < �3 < 0 and define

f (t) � ˇ1e
�1t + ˇ2e

�2t + ˇ3e
�3t . (38)

Note that f(t) has a sign change for some t > 0 if and only if one of
the following conditions holds:

(i) ˇ1ˇ2 > 0, ˇ1ˇ3 < 0, and |ˇ1 + ˇ2| > |ˇ3|.
(ii) ˇ2ˇ3 > 0, ˇ1ˇ2 < 0, and |ˇ1| > |ˇ2 + ˇ3|.

(iii) (a) ˇ1ˇ3 > 0, ˇ1ˇ2 < 0, and |ˇ2| ≥ |ˇ1 + ˇ3|;
(b) ˇ1ˇ3 > 0, ˇ1ˇ2 < 0, |ˇ2| < |ˇ1 + ˇ3| and t* > 0, and

|gc(t*)| ≥ |ˇ1 + ˇ2 + ˇ3|, where t∗ = 1
�3−�1

ln
(
ˇ1(�2−�1)
ˇ3(�3−�2)

)
and gc(t) = ˇ1(1 − e(�1−�2)t) + ˇ3(1 − e(�3−�2)t) .

Conditions (i)–(iii) give necessary and sufficient conditions under
which an output of the form (38) changes sign [27].

Next, in order to design a nonovershooting controller for track-
ing a desired drug response, we first choose an interval [a, b], where
a, b ∈ R  and a < b < 0, and choose lp = 6 asymptotically stable and
distinct poles. Consider the candidate set L  = {�1, . . .,  �n̂}, with lp

poles from the interval [a, b] with the remaining n̂− lp = 4 poles
being the asymptotically stable invariant zeros of �a. Then, solve
for V  and  ̌ using (26) and (34). If the vectors in the set V  are lin-
early independent and  ̌ is such that none of the Conditions (i)–(iii)
are satisfied, then (27) can be used to obtain the feedback control
gain Ka; otherwise a new candidate set L  needs to be considered
from the interval [a, b]. Note that this method does not involve
simulating the system response to check for overshoot [27].

Fig. 1 shows the schematic of the proposed nonovershooting
controller for the control of simultaneous infusion of an anesthetic
and analgesic drug such that the corresponding measurable outputs
BIS(t), t ≥ 0, and EMG(t), t ≥ 0, track the desired targets yd1 � BIStarget

and yd2 � EMGtarget, respectively. The method illustrated can be
extended to infuse additional drugs provided that the drug effect
is linearizable at a given operating point; see Fig. 2.

Even though the aforementioned design is based on the lin-
earized model, the closed-loop is implemented using the measured
variables BIS(t), t ≥ 0, and EMG(t), t ≥ 0, which involves nonlinear
functions of the system states. It can be seen from Fig. 2 that the

nonlinear measured variables BIS(t), t ≥ 0, and EMG(t), t ≥ 0, which
are given by (9) and (10), can be approximated locally by a linear
model. Hence, we  use a hybrid extended Kalman filter (EKF) to esti-
mate the system states that are required for state feedback [38,39].
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Fig. 1. Closed-loop control for simultaneous drug administration for propofol and remifentanil.

 ≥ 0, an

T
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y

Fig. 2. (a) BIS(t) versus cS
eff

(t), t ≥ 0, and cA
eff

(t), t ≥ 0. (b) EMG(t)% versus cS
eff

(t), t

he discrete-time samples of the measured outputs BIS(t), t ≥ 0, and
MG(t),  t ≥ 0, at the kth time step is given by

k = [BIS(x(kT)), EMG(x(kT))]T, k = 1, 2, . . .,  (39)

here T is the sampling time.

.3. The hybrid extended Kalman filter [39]

Using the continuous-time dynamics (11) and discrete-time
easurement (39) we obtain
˙ (t) = Ax(t) + Bu(t) + w(t), x(0) = x0, t ≥ 0, (40)

k = h(xk) + vk, k = 1, 2, . . .,  (41)
d cA
eff

(t), t ≥ 0, with CS
50 = 3.1 �g/ml, CA

50 = 34 ng/ml, �(�(t)) = 0.9, and � = 0.22.

where xk = x(kT), w(t), t ≥ 0, denotes a white noise process with
intensity N(0,  Q ), and vk, k = 1, 2, . . .,  denotes discrete-time white
observation noise with covariance N(0,  R).

The hybrid extended Kalman filter for (40) and (41) is given as
follows.

(1) Initialize the filter so that

x̂+
0 = E[x0], (42)

+ + + T
(2) Qe0 = E[(x0 − x̂0 )(x0 − x̂0 ) ], (43)
where E[  ·] denotes expectation.

For k = 1, 2, . . .,  perform the following operations.
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Table  2
Patient features used to generate simulated patients. Pharmacodynamic parameters
of  all the 10 patients are set to CS

50 = 3.1 �g/ml, CA
50 = 34 ng/ml, �(�(t)) = 0.9, and

�  = 0.22 [30,33].

Patient No. age [years] height [cm] weight [kg] lbm

1 56 160 88 49.39
2  48 158 52 39.60
3  51 165 55 42.40
4  56 160 65 45.12
5  64 146 60 39.20
6  59 159 110 46.86
7  29 163 59 43.73
8  45 155 58 41.33

1
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w
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9  51 163 55 41.99
10  32 172 56 44.23

. (a) Integrate the continuous-time model for the state estimate
x̂(t), t ≥ 0, and covariance Qe(t) as

˙̂x(t) = Ax̂(t) + Bu(t), (k − 1)T ≤ t ≤ kT, x̂((k − 1)T) = x̂
+
k−1,

Q̇e(t) = AQ e(t) + Qe(t)AT + Q, (k − 1)T ≤ t ≤ kT, Qe((k − 1)T) = (Qe)+
k−1,

(44)

where x̂+
(k−1) and (Qe)+

(k−1) are the initial conditions at the
beginning of the integration process and at the end of the

integration the terminal conditions satisfy x̂
−
k = x̂(kT)  and

(Qe)−
k = Qe(kT).

(b) At time instant k, incorporate the measurement yk into the
state estimate and error covariance as

k = (Qe)−
k J

T
k (Jk(Qe)−

k J
T
k + R)

−1
, (45)

ˆ+
k

= x̂−
k

+ Kk
(
yk − h(x̂−

k
)
)
, (46)

Qe)+
k = (I − KkJk)(Qe)−

k , (47)

here Jk is the partial derivative of h(xk) with respect to xk evaluated
t x̂−
k .

. Simulation results

In this section, we present illustrative numerical examples that
how the efficacy of the proposed nonovershooting controller
esign method for the closed-loop control of the simultaneous

nfusion of anesthetics and analgesics. The simulations are car-
ied out using MATLAB

®
. For our simulations, we  consider two

ases. Namely, (1) a design for the controller and observer for each
atient using the respective patient model, and (2) a design for
he controller and observer using a nominal patient model. For all
he simulation results discussed in this section, we set T = 6 sec,

 =
[

100 0
0 0.01

]
, Q = 0.1I8×8, x̂+

0 = 0, and Q+
e0 = I8×8.

Case 1: First, we consider the pharmacokinetic models of 10
atients obtained using the model (1)–(8) with parameters and
atient features given in Tables 1 and 2 , respectively. The phar-
acokinetic model of each patient is used to derive the controller

ain Ka and estimator gain Kk, k = 1, 2, . . ..  Patients in the ICUs often
equire moderate sedation and analgesia for several hours. Hence,
or our simulations, we set the desired target values to BIStarget = 60
nd EMGtarget = 29 [1,3,31].

The value of the parameters mi, i = 1, 2, and 3, and constants
i, i = 1, and 2, in (13) can be estimated using the multiple linear

egression method. The patient response for different combina-
ions of effect-site concentrations cS

eff(t), t ≥ 0, and cA
eff(t), t ≥ 0,

re obtained using the pharmacodynamic model (9) and (10). For
egression, we set the values of the pharmacodynamic parameters
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to CS
50 = 3.1 �g/ml, CA

50 = 34 ng/ml, and �(�(t)) = 0.9, and the range
of effect-site concentrations to cS

eff(t) ∈ [0,  30] �g/ml and cA
eff(t) ∈

[0,  25] ng/ml. The value of U50(�(t)), t ≥ 0, in (9) is calculated using
the approximation U50(�(t)) ≈ 1 − ��(t) + ��2(t), where � = 0.22
[16]. Using a linear regression, we obtain m1 =−1.3263 × 104,
m2 =−1.1910 × 106, m3 = 1.5561 × 104, c1 = 84.98, and c2 = 0.0068.
The values of the parameters mi, i = 1, 2, and 3, and the constants
ci, i = 1, and 2, can also be estimated by linearizing the system out-
puts (9) and (10) around the target effect-site concentrations cSe

eff
and cAe

eff , respectively, provided such desired set points for achieving
the required value of BIStarget and EMGtarget are known. To facilitate
target controlled infusion (TCI), an estimate of such target effect-
site concentrations are calculated by the clinician using the known
patient features [4,6].

Using the target effect-site concentrations of propofol and
remifentanil cSe

eff = 0.7 �g/ml and cAe
eff = 18.18 ng/ml, respectively,

the linearized form of (9) for BIStarget = 60 is given by

BIS(cS
eff

(t), cA
eff

(t)) = BIS(cSe
eff
, cAe

eff
) +

∂BIS(cS
eff

(t), cA
eff

(t))

∂cS
eff

(t)

∣∣∣
cSe

eff
,cAe

eff

(cS
eff

(t) − cSe
eff

)

+
∂BIS(cS

eff
(t), cA

eff
(t))

∂cA
eff

(t)

∣∣∣
cSe

eff
,cAe

eff

(cA
eff

(t) − cAe
eff

) + HOT

≈  83 − 1.2403 × 104cS
eff

(t) − 1.07 × 106cA
eff

(t).

(48)

Similarly, for EMGtarget = 29 and the target effect-site concentration
cAe

eff = 18.18 ng/ml, we  obtain

EMG(cA
eff(t)) = EMG(cAe

eff) + ∂EMG(cA
eff(t))

∂cA
eff(t)

∣∣∣∣
cAe

eff

(cA
eff(t) − cAe

eff) + HOT

≈ 1.5566 × 104cA
eff(t) + 0.0028.

(49)

Note that the value of the parameters mi, i = 1, 2, and 3, and the con-
stants ci, i = 1, and 2, that are obtained using the regression method
and linearization given by (48) and (49) are similar.

Even though we use the pharmacological features of the 10
simulated patients given in Table 2 to implement the closed-loop
control strategy shown in Fig. 1, for brevity, we present the cal-
culations involved in the design of nonovershooting controller
for Patient 1. Using the system dynamics (1)–(8) and (13) we
calculate the values of the system matrices Aa, Ba, and Ca. The con-
trollability matrix with respect to the pair (Aa, Ba) has full row
rank, and hence, the system is controllable. The stable invariant

zeroes zi, i = 1, . . ., n̂− lp, in the OLHP are calculated using (21),
which, for Patient 1, are z1 =−0.1986, z2 =−0.0107, z3 − 0.3513, and
z4 =−0.0687. With 4 zeroes in the OLHP, we  have n̂− lp = 4, where
n̂ = 10, p = 2, and l = 3.

As discussed in Section 2, we use the asymptotically stable OLHP
zeroes of the open-loop system given by zi, i = 1, . . .,  4, as the desired
closed-loop poles of the system, that is, zi = �i, i = 1, . . .,  4. Given that
the system is controllable, we  can arbitrarily assign the remaining
6 poles such that the closed-loop system is asymptotically sta-
ble. We  choose the remaining closed-loop poles to be �5 =−0.7125,
�6 =−0.5445, �7 =−0.7139, �8 =−0.5510, �9 =−0.4, and �10 =−0.9 so
that

L  = {z1, . . .,  z4, �5, . . .,  �10}. (50)

Now, using (23), we have S  = {s1, . . .,  s10} given by

si =

⎧⎨
⎩

0, i ∈ {1, . . .,  4},
e1, i = 5, 6, 7,

e2, i = 8, 9, 10,

(51)
that is,

S  =
{[

0

0

]
,

[
0

0

]
,

[
0

0

]
,

[
0

0

]
,

[
1

0

]
,

[
1

0

]
,

[
1

0

]
,

[
0

1

]
,

[
0

1

]
,

[
0

1

]}
. (52)
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Table  3
Invariant zeroes in the OLHP for all 10 Patients (Case 1).

Patient No. Invariant zeroes zi , i ∈ {1, . . .,  4}

1 −0.1986, − 0.0107, − 0.3513, − 0.0687
2  −0.2416, − 0.3513, − 0.0676, − 0.0124
3 −0.0117, − 0.2277, − 0.3513, − 0.0680
4  −0.0107, − 0.2109, − 0.0687, − 0.3513
5 −0.0090, − 0.3513, − 0.0703, − 0.2160
6  −0.2003, − 0.0101, − 0.3513, − 0.0692
7  −0.2513, − 0.0163, − 0.0660, − 0.3513
8  −0.2399, − 0.0130, − 0.3513, − 0.0673
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Fig. 3. Drug concentrations in the effect-site for the 10 patients (Case 1).

Fig. 4. Control inputs versus time for the 10 patients (Case 1).
9  −0.2291, − 0.3513, − 0.0117, − 0.0680
10 −0.2467, − 0.0157, − 0.0662, − 0.3513

iven that si = 0 for i ∈ {1, . . .,  4}, the corresponding closed-loop
ode that is associated with �i, i ∈ {1, . . .,  4}, does not appear in

he system output.
The eigenvectors in the set V  need to be linearly independent

n order to obtain a suitable gain matrix Ka. For any given choice
f L  and S, the vectors in the set V  obtained by solving (24) may
ot be linearly independent. If some of the vectors in the set V, e.g.,
v1, . . .,  vn̂−3p} are linearly independent, and some other vectors in
he set V, e.g., {vn̂−3p+1, . . .,  vn} are linearly dependent, then one
an reorder the p standard basis vectors in S  and resolve (24) to
btain a different set V  [40]. Choosing a different set of closed-loop
igenvalues �i, i = 5, . . .,  10, in L  is another option to obtain linearly
ndependent eigenvectors in V.

For the given choice of L  given by (50) and S  given by (52), the
ectors in the set V  obtained by solving (24) are linearly indepen-
ent. Now, substituting the linearly independent eigenvectors in V
btained by solving (24) in (34) we obtain

� =
[
ˇ1 ˇ2 ˇ3 ˇ4 ˇ1,1 ˇ1,2 ˇ1,3 ˇ2,1 ˇ2,2 ˇ2,3

]T

=
[

0 0 0 0 −4.128 × 104 446.46 4.086 × 104 1.9619 −1.8864 −0.3627
]T
.

(53)

inally, to check the system output for sign changes, we  consider

he exponential term in (37) given by
∑n̂

i=n̂−3p+1
e
i−(n̂−lp)

ˇie
�it and

se (53) to define

ˇ1,1e
�1,1 + ˇ1,2e

�1,2 + ˇ1,3e
�1,3

ˇ2,1e
�2,1 + ˇ2,2e

�2,2 + ˇ2,3e
�2,3

]
�

[
f1(t)

f2(t)

]
. (54)

ote that fi(t), i = 1 and 2, is in the form of (38). Now, it can be easily
erified that none of the Conditions (i)–(iii) are met for f1(t), t ≥ 0,
nd f2(t), t ≥ 0, with  ̌ given by (53), and hence, (54) does not possess
ny sign changes implying that system output (37) is monotonic.
ote that we do not have to obtain the response of the system to
erify whether the Conditions (i)–(iii) are satisfied. Using the values
f Ka and ˇ, one can check whether the system output (37) meets
he conditions for a nonovershooting response.

Similar calculations are performed for Patients 2 through 10.
he stable invariant zeroes in the OLHP are calculated using (21)
or each patient and are given in Table 3. Note that we  choose
he remaining closed-loop poles to be �5 =−0.7125, �6 =−0.5445,
7 =−0.7139, �8 =−0.5510, �9 =−0.4, and �10 =−0.9 for Patients 1

hrough 10.
Figs. 3–5 show the simulation results when the proposed

onovershooting controller is used for the simultaneous infusion
f propofol and remifentanil. We  use the patient parameters given

n Table 1 along with the model equations given in Table 2, (1)–(8),
nd (13) to derive the respective controller gain Ka and estima-

or gain Kk, k = 1, 2, . . .,  for each of the 10 patients. Note that
lthough the controller is designed based on the approximated lin-
ar pharmacodynamic model given by (13), we use the nonlinear
harmacodynamic model given by (9) and (10) for the simulations.
Fig. 5. Drug responses versus time for the 10 patients for BIStarget = 60 and
EMGtarget = 29 (Case 1).

It is clear from Figs. 3–5 that the responses of all 10 patients

are monotonic without any overshoot. It can be seen from Fig. 5
that all 10 patients have similar responses due to the fact that the
closed-loop poles �i, i = 5, . . .,  10, are chosen to be the same for all
the 10 patients. Moreover, since the pharmacodynamic parameters
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Table  4
Patient features and pharmacodynamic parameters [30,33,43].

No. age [years] height [cm] weight [kg] CS
50 [�g/ml] CA

50 [ng/ml] �(�(t)) �

11 56 160 88 3.1 34 0.9 0.22
12  48 158 52 2 34 0.8 0.3
13  29 163 59 4 33 0.9 0.22
14  64 146 90 2 39.4 0.8 0.15
15  68 158 113 4 39 0.9 0.22
16  50 161 68 3.1 34 0.9 0.22
17  68 160 88 3.1 34 0.7 0.1
18  70 161 78 3 32 0.8 0.20
19  73 162 75 3.2 34 0.9 0.21
20  45 155 58 3 33 0.85 0.22
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Fig. 7. Control inputs versus time for the 10 patients (Case 2).

Fig. 6. Drug concentrations in the effect-site for the 10 patients (Case 2).

or all the 10 patients are assumed to be the same (see Table 2), the
alues of the effect-site concentrations cS

eff(t), t ≥ 0, and cA
eff(t), t ≥ 0,

hat are required to track a given value of BIStarget and EMGtarget,
espectively, are the same for all the patients; see Fig. 3. How-
ver, due to the difference in the patient physiological features, the
harmacokinetic parameters are different, and hence, the control

nput that is required to achieve a certain effect-site concentration
s different for each patient; see Fig. 4. It can be seen that out of
he 10 patients mentioned in Table 2, Patient 6, with the highest
eight and second highest value of lean body mass, requires the

ighest amount of propofol to achieve the required effect-site con-
entration. Similarly, Patient 5, who has the least value of lean body
ass, requires the least amount of propofol to achieve the required

ffect-site concentration.
Case 2: In order to analyze the robustness of the nonover-

hooting controller to pharmacokinetic and pharmacodynamic
ariability from the nominal model (Patient 1), we  consider 10
atients with parameters given in Table 4. We  use the controller
ain Ka and estimator gain Kk, k = 1, 2, . . .,  derived using the phar-
acokinetic and pharmacodynamic model of Patient 1 to control

he continuous infusion of propofol and remifentanil in Patients 11
hrough 20. In order to ensure that the infusion rates are nonnega-
ive, we use the control input u(t) = max{0, u(t)}, t ≥ 0.

Figs. 6–8 show the responses of the 10 patients with differ-
nt pharmacokinetic and pharmacodynamic parameters. It can be
een from Fig. 6 that the effect-site concentration of propofol and
emifentanil required to achieve the target values of BIStarget = 60
nd EMGtarget = 29 for Patients 11 through 20 are considerably dif-

erent as compared to that of the nominal model used for the
ontroller design; see Fig. 3. This is due to the fact that the phar-
acodynamics of Patients 11 through 20 are significantly different

etween patients, whereas for Patients 1 through 10 the pharmaco-
Fig. 8. Drug responses versus time for the 10 patients for BIStarget = 60 and
EMGtarget = 29 (Case 2).

dynamic parameters are assumed to be the same. Moreover, note
that the controller is designed based on the approximated linear
pharmacodynamic model given by (13). Hence, Figs. 6–8 show an
achieved robustness of the proposed nonovershooting controller
with respect to interpatient variability.

Next, to quantify the performance of the proposed nonover-

shooting controller for closed-loop control of multiple drugs, we
present statistical analysis based on the simulation results pre-
sented in Figs. 6–8 . To do this, recall that anesthesia administration
involves an induction phase, in which the patient state is driven
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Table 5
Performance metrics for controlled variables BIS and EMG  (Case 2).

Performance metrics (for 10 patients) Controlled variables

BIS EMG

MDPE [%] −0.0090 ± 0.0085 0.0027 ± 0.0329
MDAPE [%] 2.817 ± 0.48 7.87 ± 0.48
Min–Max 58.95–63.12 25.99–29.22
Interquartile Range 0.029 0.0001
RMSE 4.91 ± 0.48 0.050 ± 0.0006
ID  [min] 4 ± 0.6 9.3 ± 1.2
US/OS [%] 0–2.625 0 − 0.75
84 R. Padmanabhan et al. / Biomedical Sign

lose to the target state, and a maintenance phase, in which the
atient state is required to follow the target state. Different perfor-
ance measures have been suggested in the literature to evaluate

he controller performance during these two phases [41,42].
To quantify the performance of the proposed closed-loop con-

rol strategy, we can use the median performance error (MDPE),
edian absolute performance error (MDAPE), root mean square

rror (RMSE), interquartile range (IQ), minimum and maximum
alues of the controlled variable (min-max), induction duration
ID), percentage undershoot (US), and percentage overshoot (OS)
41] [42]. Among the listed performance measures, the induction
uration, percentage undershoot, and percentage overshoot are the
etrics used to analyze the transience during the initial induction

hase of anesthesia administration.
The instantaneous performance error (PE) is defined as

Ei(j) � Measured Valuei(j) − Target Value
Target Value

× 100, j = 1, . . .,  N,

(55)

here i ∈ {1, . . .,  10}  represents the ith patient, j represents the
et of PE measurements for an individual, N is the number of mea-
urements for each patient, and Measured Value and Target Value
efer to the measured and target values of the BIS and EMG, respec-
ively. The median performance error (MDPE) gives the output bias
bserved and is computed by

DPEi = median(PEi(j)), j = 1, . . .,  N, (56)

hereas

DAPEi = median(|PEi(j)|), j = 1, . . .,  N, (57)

nd

MSEi =

√∑N
j=1(Measured Valuei(j) − Target Value)2

N
. (58)

DAPEi is the median absolute performance error and reflects the
ize of the error and the accuracy of the controller in maintaining
he controlled variables BIS and EMG  for each patient [41,42]. RMSEi
epresents the standard deviation between the target value and

easured values of the controlled variables for each patient.
Induction phase duration (ID) is the time elapsed from the start

f drug administration to the time when the drug effect falls to
nd remains within the range of target values BIStarget ± 10 and
MGtarget ± 3 for 30 seconds. Percentage undershoot (US) is defined
or the controlled variable BIS as ([41])

Si = maxj

(
BIStarget − BISi(j)
BIS0 − BIStarget

)
× 100, j = 1. . .,  N, (59)

nd percentage overshoot (OS) is defined for the controlled variable
MG as

Si = maxj

(
EMGi(j) − EMGtarget

EMGtarget

)
× 100, j = 1. . .,  N. (60)

The variation in the induction phase duration in Figs. 6–8 is
ainly due to the mismatch in the pharmacokinetic and phar-
acodynamic values of the 10 patients compared to the nominal
odel (Patient 1) that is used for the controller design. Table 5

hows the performance metrics of the proposed nonovershooting
ontroller for the controlled variables BIS and EMG. In this table,
he range of values of the defined performance metrics are given
or Patients 11 through 20 (Case 2). Note that the amount of inac-

uracy that is reflected in the values of the performance metrics
or the 10 patients are within the acceptable performance range
3,41,42,44–46]. The minimum and maximum ranges of the BIS
alue and EMG  value are within BIStarget ± 10 and EMGtarget ± 3,
Fig. 9. EMG(t) versus time for the 10 patients with parameter variations in E1 and
E2 for EMGtarget = 29 (Case 2).

respectively. We  have also listed the interquartile range, which
shows the central tendency of the measured variables for the 10
simulated patients. The interquartile range shows the variability in
the middle 50% of a sorted data set.

Note that for the simulations presented in Figs. 6–8 the phar-
macodynamic model parameter values of the EMG index in (10)
are assumed to be the same for all the 10 patients. These model
parameter values can be patient sensitive and should be consid-
ered to check the achieved robustness of the controller. However,
there is no data available in the literature regarding the possible
range of parameter variations. Hence, we simulated the patient
responses for the arbitrary parameter values of E1 = 3.4 ± 1 and
E2 = 0.0063 ± 0.0013 in

EMG(t) = 100 × cA
eff(t)

E1 × cA
eff(t) + E2

. (61)

Fig. 9 shows the simulation results using the simulated Patients
11 through 20 with different pharmacodynamic parameter val-
ues in (61). For the 10 patients, we obtain MDPE =−0.0069 ± 0.049,
MDAPE = 7.7451 ± 1.01, and ID = 10.05 ± 2.05. Furthermore, during
the 60 min  drug infusion, the maximum value of EMG  response
for all the 10 patients is EMG  = 29.20%, which corresponds to an
overshoot of 0.69%. All these performance metrics are within the
acceptable range given in [3,46]. However, it can be seen from Fig. 9
that the induction phase duration for some patients has increased
considerably. This may  be due to the wide range of parameter vari-
ations that are used. Further research is required to validate the
adequacy of the range of model parameter variations.
Finally, in order to further investigate whether adequate anal-
gesia is achieved, we  use other pharmacodynamic models that
account for the patient response with respect to various clinically
relevant painful stimuli and the drug concentrations in the effect-
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Fig. 11. Drug responses versus time for the 10 patients BIStarget = 50 and
EMGtarget = 29.
ig. 10. Response to three painful stimuli for the 10 patients with BIStarget = 60 and
MGtarget = 29.

ite. Note that in case of the combined administration of anesthetics
nd analgesics, the drug concentrations CS

50 and CA
50 that cause 50%

nalgesic effect vary considerably with respect to the intensity of
he painful stimuli [9].

In [47], the authors provide response surface models with
espect to blunting of pain for the combined administration of
he drugs propofol and remifentanil. Specifically, Grego interaction

odels that account for the painful stimuli involved in clinical pro-
edures such as the pressure algometry, tetanic stimulation, and
aryngoscopy are given as ([47])

EffectAlgometry(t)

=

(
cS

eff
(t)

4.16 + cA
eff

(t)
8.84 + 8.2 × cS

eff
(t)

4.16 × cA
eff

(t)
8.84

)8.34

(
cS

eff
(t)

4.16 + cA
eff

(t)
8.84 + 8.2 × cS

eff
(t)

4.16 × cA
eff

(t)
8.84

)8.34

+ 1

,  (62)

EffectTetanic stimulus(t)

=

(
cS

eff
(t)

4.57 + cA
eff

(t)
21.3 + 14.7 × cS

eff
(t)

4.57 × cA
eff

(t)
21.3

)6.0

(
cS

eff
(t)

4.57 + cA
eff

(t)
21.3 + 14.7 × cS

eff
(t)

4.57 × cA
eff

(t)
21.3

)6.0

+ 1

,  (63)

EffectLaryngoscopy(t)

=

(
cS

eff
(t)

5.6 + cA
eff

(t)
48.9 + 33.2 × cS

eff
(t)

5.6 × cA
eff

(t)
48.9

)2.2

(
cS

eff
(t)

5.6 + cA
eff

(t)
48.9 + 33.2 × cS

eff
(t)

5.6 × cA
eff

(t)
48.9

)2.2

+ 1

.  (64)

ince such stimuli are commonly used in the ICU for patient
ssessment, we use the pharmacodynamic models (62)–(64)
o investigate whether adequate anesthesia and analgesia is
chieved when the nonovershooting controller is used for the
ontrol of propofol and remifentanil to achieve BIStarget = 60 and
MGtarget = 29 [48].

Fig. 10 shows the response of the Patients 11 through 20 for
he three painful stimuli given in (62)–(64). Note that we  do not
egulate the infusion of propofol and remifentanil with respect to

hese responses. Fig. 10 is plotted to examine whether adequate
ain blunting is achieved when we use the BIS and EMG  as the con-
rolled variables. It can be seen that adequate pain blunting (greater
han 90%) is achieved for all the 10 patients with respect to the
Fig. 12. Response to three painful stimuli for the 10 patients with BIStarget = 50 and
EMGtarget = 29.

painful stimuli involved in pressure algometry. In case of tetanic
stimuli, 7 out of the 10 patients show adequate analgesia. Note
that, as depicted by (62)–(64), the patient response to painful stim-
uli depends on the values of cS

eff(t), t ≥ 0, and cA
eff(t), t ≥ 0. As we have

set BIStarget = 60, which indicates a moderate sedation level, all the
10 patients show less than 70% tolerance to laryngoscopy. Deeper
sedation is recommended to facilitate clinical procedures such as
laryngoscopy, which involves more pain intensity [49].

Figs. 11 and 12 show the response of the simulated Patients 11
through 20 using the nominal patient model with a deeper seda-
tion target set at BIStarget = 50. In this case, it can be seen that all
the patients show adequate tolerance to laryngoscopy stimulus.
Moreover, compared to Fig. 10, it can be seen from Fig. 12 that the
time taken to achieve an adequate level of pain tolerance is reduced
considerably for all the three painful stimuli.

4. Discussion

In undersedation, the patient’s level of consciousness depends

mainly on the concentration of the sedative drug in the effect-
site. However, in inadequate analgesia, the level of pain sensation
depends mainly on three factors; the concentration of the analgesic
drug in the effect-site, the strength of the painful stimuli, and the
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ndogenous pain reduction mechanisms [13,16,43]. Another dis-
repancy is that the analgesic requirement should be high while
he stimuli is present and moderate afterwards. Unlike the oper-
ting room, in the intensive care units analgesic titration should
e raised during intubation or extubation and should be moderate
hen the patient remains intubated. It should be noted that the

ncreased drug titration is required before the application of stim-
lus, and it is futile to sense inadequate analgesia and titrate more
rugs when the actual painful stimuli no longer exists.

Furthermore, we have not analyzed whether restricting the drug
itration so as to avoid overshoot with respect to sedation and
nalgesia has helped to keep the hemodynamic parameters of the
atient within safe limits. Apart from variation in cardiovascular
arameters, analgesics show dose dependent effect on respiration
11]. Response surface modeling of separate and combined admin-
stration of propofol and remifentanil reveals that their effect on
espiration is strikingly synergistic. Thus, titration of analgoseda-
ives to the critically ill patients must be regulated to maintain
espiratory rate within safe limits.

Typically, anesthetic and analgesic drugs are administrated on
 continuous or scheduled intermittent basis, with supplemental
olus doses as required [1]. Both propofol and remifentanil are
hort acting drugs and have rapid onset time [1,9]. As noted in [1]
nd [9], for drugs with very short duration of action, continuous
nfusion is recommended. It can be seen from Figs. 4 and 7 that,
imilar to the typical dosing regimen that is used during anesthesia
dministration, the proposed controller is able to derive a control
nput with an initial high dose that resembles a bolus dose to induce
nesthesia and then a constant drug dose to maintain the required
arget levels of drug responses.

The proposed nonovershooting controller design strategy is
articularly attractive for the control of anesthesia administra-
ion as it involves infusion of multiple drugs to achieve several
argeted effects. Often anesthesia administration involves con-
omitant administration of two or more anesthetics, analgesics,
euromuscular blockades, anticholinergics, and colloid and crys-
alloid fluids so as to achieve desired drug effects such as sedation
evel, pain blunting, muscle relaxation, reduced organ secretions,
nd fluid resuscitation, respectively. Additionally, it is necessary
o keep the drug induced side effects in the hemodynamic sys-
em, respiratory system, and renal system of the patient within the
afe limits. Since, most of the anesthetic and analgesic drugs have
espiratory and hemodynamic effects, the proposed nonovershoot-
ng controller design strategy regulates the drug administration

ithout any overshoot, which minimizes its side effects on other
ital parameters, and hence, can contribute to the development
f patient safe closed-loop controllers. Moreover, since the con-
roller aims to track desired outputs, effects of drug interactions
re addressed in a systematic way.

Even though the proposed controller exhibits promising
erformance for the 10 patients considered with different pharma-
okinetic and pharmacodynamic parameters, it is recommended to
ategorize patients with similar pharmacokinetic and pharmacody-
amic parameters and design controllers for each patient group. For

nstance, the effect-site drug concentration of anesthetic and anal-
esic drugs that can cause 50% drug effect decreases considerably
ith age [50]. Hence, designing different controllers for different

ge groups such as infants, young adults, and elderly patients is
esirable.

Finally, we used a hybrid extended Kalman filter as a standard
pproach for state estimation of nonlinear systems. Our assump-
ion here is that the measurement noise has a Gaussian distribution

nd the nonlinear measured variables BIS(t), t ≥ 0, and EMG(t), t ≥ 0,
an be accurately approximated locally by a linear model. However,
here exists contradicting reports on the Gaussianity of EEG activ-
ty [51]. Hence, studying the efficacy of a nonlinear state estimator

[

[

cessing and Control 49 (2019) 375–387

such as a particle filter, which can account for measurement noise
with a non-Gaussian distribution as well as high-order nonlineari-
ties can be considered as part of future work.

All these challenges should be accounted for when designing
the closed-loop controller for combined administration of anes-
thetics and analgesics. We  have not considered these factors in
our design due to the lack of an adequate mathematical model
that captures all such characteristics. Further research is needed
to derive adequate models for anesthesia and analgesia which will
help in testing and validating closed-loop strategies for anesthesia
and analgesia administration. Moreover, it is important to extend
the proposed controller design method to account for input con-
straints and time delays associated with the closed-loop control of
anesthesia administration.

5. Conclusions

In this paper, a nonovershooting controller for the simultaneous
infusion of sedatives and analgesics is proposed. Simulation results
using 20 patients with varying pharmacokinetic and pharmaco-
dynamic parameters show that the proposed nonovershooting
controller design method is promising. Our simulation results show
that the nonovershooting controller can achieve robustness to
system parameter uncertainties. Further investigation of the per-
formance of such controllers along with more precise analgesic
models that can account for the strength of the pain causing stim-
uli and endogenous pain reduction mechanism is required. Finally,
including additional vital physiological parameters such as heart
rate and respiratory rate in the controller design will be considered
as a part of future research direction for this work.
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